Abstract -This paper presents two new choices of regular Lagrangians for the dynamical description of nonswitched LC networks, and proves that the solutions are equivalent to each other and to the results obtained in the literature. The first approach uses the integrated version of Kirchhoff's current law (topological constraints), which is just the condition of charge conservation, to define a regular Lagrangian description by using only the inductances of the system. The second approach is based on the formulation of a Lie algebroid which defines the constraints of the system in a different way. Both approaches are shown to be in a one-t+one relation and they both provide equivalent Hamiltonian formalisms.
Introduction
In the last years, an evident interest for the Lagrangian and Hamiltonian description of electrical circuits has arisen in the literature [l, 6, 7, 8, 11, 121. A recent Lagrangian description [ll, 121 leads to a successful picture of RLC circuit dynamics and provides a step-bystep construction for the description of the components, the definition of the Lagrangian, and the corresponding Euler-Lagrange dynamics. Kirchhoff's current law defines a set of holonomic constraints for the corresponding Lagrangian system while the corresponding voltage law defines the Euler-Lagrange equations for the system. Regarding the Hamiltonian description of the dynamics of electrical circuits, a recent and successful approach is based on the concept of Dirac structures and Port-Controlled Hamiltonian systems [6, 141. This approach also provides a suitable description of the dynamics of the system.
It seems quite natural to compare both approaches and to try to relate the solutions of both methods for electrical circuits. Since dissipative elements and sources can be viewed as external elements, we only consider electrical LC circuits here. The formulation of both frameworks is done in R" spaces and hence the canonical procedure would suggest to use the Legendre transform to go from dynamics given by the Lagrangian formalism into dynamics given by the Hamiltonian formalism, and vice versa. The problem in this case is that the Lagrangian formalism proposed in [ll, 121 yields a singular Lagrangian description, which makes the Legendre transform ill-defined and thus no straightforward Hamiltonian formulation can be related. In [2] we complement the original Lagrangian picture proposed in [ll, 121 with a procedure that transforms the singular Lagrangian system into a regular Lagrangian system. Then the Lagrangian system can be related with a Hamiltonian system by using a well defined Legendre transform. The main new ingredient of the approach is the use of Lie algebroids in the description. A Lie algebroid is a geometrical object which generalizes the concept of tangent bundles (which is the natural framework of usual .Lagrangian mechanics) such that a Lagrangian formulation on them is still possible (5, 151. Essentially, we just need one of the simplest examples of the Lie algebroid, namely an integrable subbundle of a tangent bundle, which in the case of electrical LC circuits is a vector space. Nonetheless, the choice of coordinates in the algebroid done in [2] leads to a description of the solutions of Euler-Lagrange equations which does not correspond to the physical variables (it composes non trivially the currents of the inductances with the currents of the capacitors). Therefore, a transformation leading to the physical space (denoted by 3
The present paper presents two alternative choices of regular Lagrangians for the descriptions of LC networks, and proves that the solutions are equivalent one to another and to the results obtained in the abovementioned references. The first approach uses the integrated version of the constraints, which is just the condition of charge conservation, to define a regular Lagrangian description by using only the inductances of the system. The second approach introduces another Lie algebroid formulation which defines the constraints of the system in a different way which leads to much simpler results, and does not require the introduction of the space T . If the LC network does not contain switches (as we assume throughout the paper) these two approaches are equivalent. Later we proceed with the study of the Hamiltonian formalisms associated to these regular Lagrangian systems. We prove that both approaches lead also to equivalent results and we find the equivalence between them and the Hamiltonian formalism based on the Port-Controlled Hamiltonian (PCH) framework [7] and the approach presented in [I] .
The structure of the paper is as follows: Section 2 introduces very briefly the Lagrangian formulation presented in [ l l , 121 . Section 3 provides the main contribution of the paper: under the assumption that there are no switches on the network, the charge conservation at any point of the system determines a Lie algebroid which happens to be much more simple than the one presented in [2] and, at the same time, it allows us to describe the dynamics of the system by using only inductances or only capacitors. In section 4 the method is extended to Hamiltonian systems. Finally, Section 5 contains an example to illustrate our results.
The constraint Lagrangian formulation
In this section we present the Lagrangian formalism as introduced in [ll, 121 for (switching) electrical networks. The basic construction is as follows. The system is defined on TR" N R2", where n L is the number of inductances of the network, nc the number of capacitors and n = n L + n C . Each element is represented by two variables, a charge (generalized position) q L or qc (for inductances and capacitors, respectively) and a current (generalized velocity) q~ and qc. Not all generalized velocities are allowed, Kirchhoff current law is used to define a set of holonomic constraints in such a way that the dynamics is thus not defined on the whole space but in the subspace A c TR" defined by the velocities which satisfy the set of constraints. The dynamics is defined by the Lagrangian It can be seen [2, 111 that this Lagrangian is singular (in mechanical terms, its mass matrix is degenerate).
The corresponding Euler-Lagrange equations provide the suitable dynamical description, by including voltage sources as external forces and, eventually, Rayleigh dissipation terms to include resistive elements. The In the above formulation we can recognize the Kirchhoff laws for the circuit, namely the dynamical equation corresponds to the voltage law and the constraint equation to the current law. In order to be able to solve the implicit system we must assume that the number of independent constraints, k, is greater or equal than the number of capacitors of the system '. For the sake of simplicity, we will assume that they are equal, i.e., k = nc. Without loss of generality, in the remaining of the paper only the formulation of autonomous LC circuits is considered. The external sources and dissipative elements can be viewed as external ports added to the system [7, 131, and can therefore be included afterwards.
The role of charge conservation
The definition of the admissible velocities is done many times (for instance in [2] ) in the kernel representation for the constraints. If we split the set of velocities in inductance generalized velocities and capacitor generalized velocities, and consequently we write A(& = 0 w ALQL + Acqc = 0. We can also write Kirchhoff's current law as:
where 8J = -AkAr, and A& is a left pseudo-inverse for the matrix A c (i.e. AkAc = Idnc). The matrix 8J coincides with the matrix BLC introduced in (11 and in [7] . This fact will be very important in the next sections. The introduction of Kirchhoff's current law can be replaced by the relation on which it is based, namely the conservation of the charge on a given node of the network. It is important to notice that we use the variable q L to represent the electrical variable representing the electric charge of the inductor, though it has not a completely clear physical meaning. Other approaches [ll, 121 have used it in the same way before. In any case, it is used as a mathematical concept which is not necessary in the analysis of the solutions of the dynamical equations. Hence, let us consider the set of linearly independent charge conservation laws on the nodes of 'This condition naturally follows from the assumption that the circuit does not contain any capacitor-only loops, inductoronly cutsets or controlled switches. the network and, without loss of generality, let us write them in the form: Of course, we must combine this result with the equations of the conservation of the charge (5).Hence, we have defined a Lagrangian system on the space TL, which turns out to be regular (the singularities coming from the absence of the capacitor generalized velocities have been removed in the process). We know from previous work (see [2] ) that we can also provide a regular Lagrangian description in terms of Lie algebroids. It is quite interesting to try t o find out if both treatments are related. In order to do that, we are going to introduce another formulation for the algebroid which will indeed show an evident relation between the dynamics.
It is well known that the solutions of the EulerLagrange equations (2) and (3) is restricted to the subbundle U of the tangent bundle TRn defined by the admissible velocities. This subbundle is called integrable because the commutator of any two admissible velocities is also admissible; hence they define a Lie subalgebra of the Lie algebra of vector fields of the base manifold. It is also well known (see [15] ) that this system is a Lie algebroid. It is a fairly simple example of such systems, because the bundles are trivial and the base is a vector space. We say thus that the set defined by all the charges L x C and the space F defined by those velocities which satisfy the constraints:
is a Lie algebroid included in TRn . In [2] a choice for a set of coordinates for the space F is presented. In the present paper we are going to introduce a new choice, namely we are going to consider F spanned by the rows of the matrix (IdnL -QT) . This is equivalent to choose the anchor mapping of the algebroid t3 to be:
p" = (IdnL -+T) .
(9)
The anchor mapping is transferring the elements of F (that is considered as an abstract vector space itself) to the corresponding admissible velocities (considered as vectors of the vector space T,R). This expression for the anchor mapping is, of course, related by a diffeomorphism with the construction of [2] . If we denote that case by d, there exists a mapping @ : which relates (9) with the anchor mapping pd in the form p" = @:pd.
Consequently, both approaches will be equivalent. We will proceed with the case of U.
A Lie algebroid structure is well defined on a bundle as soon as we provide a set of structure constants {c&} for the Lie algebra and the anchor mapping p" : U -+ TR". The anchor mapping is defined by (9) and we fix the structure constants in this basis to zero. In the same way we can obtain the restriction of the original Lagrangian function (1) defined on TR" to this subbun dle U. The result is trivially found to be, in coordinates ( q i , v") for the points of B:
The Euler-Lagrange equations for a Lie algebroid are known from [15] . In the present case, they become (written in coordinates {qi, v"}):
In our case, they appear to be most suitable for the description of the physically meaningful dynamics (see [2] ). In matrix notation we have:
This set of equations is quite similar to the system (7). We are going to prove now the relations that exists between them. Let us start with the following lemma.
Lemma 3.1 There exists a natural projection II : U -+

T L such that the Lagrangian of the Lie algebroid model is mapped onto the Lagrangian LTc.
Proof: The base of the algebroid B is, as we have seen above, equal to C x C, while its fibre has been denoted as F (in (8) ). F is trivially isomorphic to the space T,C defined by the set of inductance currents (qL1,. . . , qL,,). We can write then that there is a diffeomorphism Q B : B ---f TC x C. The composition of this mapping and the natural projection on the first factor A : TC x C -+ T L defines the desired mapping ll = 7r o Q B : B -+ TC. On the other hand, charge conservation (5) defines a special subset of the set C x C, namely the space QL x C (in geometrical terms this corresponds to the integral submanifold of the foliation defined by F ; see [9] ). Obviously, this space is isomorphic to the space L. As the Lagrangian L" does not depend on-qL, it is invariant when restricted to the submanifold B of B defined as:
This set is diffeomorphically equivalent to TL. In such a case, the Lagrangian can be pulled back straightforwardly, matching (6). w
Hence, we have:
Lemma 3.2 The solutions of the Euler-Lagmnge equations with the Lagrangian L" on the Lie algebroid
B are in one-to-one relation with the solutions of EulerLagmnge equations with Lagrangian LT" on T L together with the charge conservation equations.
Proof:
The Euler-Lagrange equations to be compared are (7) and (11). It is clear that from the formal point of view both equations are equivalent, if we take into account the charge conservation condition. The diffeomorphism between the fibre of B and of TL together with the triviality of the bundles imply that the dynamics for the fibre equations are equivalent. The dynamics for TC determines, because of last lemma, a curve on B which trivially coincides with the solution of the Euler-Lagrange equation corresponding to L" whose initial condition coincides with the image II-' of the initial condition of the curve in TC (we are neglecting here the possible ambiguity of the initial charge). Therefore, the algebroid B (or equivalently the space TC) is the best geometric option in order to provide the Euler-Lagrange formalism for the LC circuits. The description is physically meaningful, it does not contain constraints and since the Lagrangian is regular, it provides a straightforward Hamiltonian construction. The Hamiltonian construction is also written in terms of the physically meaningful variables, and, as we are going to see in the next section, it coincides with the successful approach as proposed in [7].
The Hamiltonian version
The main problem of [ll,' 121 arises from the singularity of the Lagrangian on TR" which does not allow the use of the Legendre transform and hence a connection with a Hamiltonian description to be compared with others existing in the literature ( [ 7 ] ) . As we saw in previous sections, the formulation of the system in terms of Lie algebroids defines a regular Lagrangian. For these cases, we can construct an equivalent Hamiltonian formalism on the dual of the algebroid, because it can be proved (see (15, 21 ) that this set is a Poisson manifold, i.e. it admits a Poisson tensor. In coordinates (q,p) dual to the coordinates (q, v) of B the Poisson structure takes the form:
The choice of B allows us to use also the Legendre transform and to formulate a Hamiltonian formalism in a very simple way. The Legendre transform is simply written as the fibre derivative of L, and in coordinates this means that we define the momenta to be:
dL"
Since the fibre of B and the fibre of TC are equivalent, this definition implies that the fibre of B* is isomorphic to the vector space M defined by the magnetic fluxes of the inductances, which is the fibre of T*L, i.e. the magnetic fluxes (that we can call physical) are the momenta resulting from the action of the Legendre transform on LT" as p~, = L i q~, . This expression coincides with the physical definition of magnetic flux on an inductance, and corresponds to the elements of 3* defined in [2] . So we work now on the bundle a*, which is also a trivial bundle defined on the base Rn = C x L and whose fibre coordinates are those defined by (13). In the coordinates { q L , q c , p}, the Hamiltonian becomes:
But, the introduction of the manifold T L also yields a regular Lagrangian description. This implies that there is an equivalent Hamiltonian description on T * t , associated to the canonical symplectic structure of the cotangent bundle. Our goal is to relate this Hamiltonian system with the system defined on B* and other solutions as obtained in e.g., [l, 71. To do this, we need the following lemma.
Lemma 4.1
There is a Poisson morphism connecting the Poisson structure associated to the canonical symplectic structure on T*C and the Poisson structure defined in [7] .
Proof:
The definition of the mapping 9 reads qc = 9 q L Since the cotangent bundle is in this case a trivial bundle, we can write T*C = C x M where we denote by M the space of magnetic fluxes on the inductances {cp~,}. We can trivially extend the mapping 9 to this space as 9 : T'L -+ C x M , and hence the canonical Let us next consider a simple example to illustrate the different methods.
Example
Consider the LC circuit depicted if Figure 1 . This example is also used in [l, 61. We first derive the equations of motion on the space T C , which is defined by the coordinates { q L , , q L , } for i = 1 , 2 , 3 , 4 . The matrix 9 is readily found using Kirchhoff's's current law qc -9 q~ = 0, i.e., 
_ _
Plugging the latter into the Euler-Lagrange equations (7) yields together with the charge conservation equations:
the equations of motion for the circuit in Figure 1 .
Next, we consider the dynamics on B. In this case, the choice for the coordinates of B is {qL,,qC,,ui} for i = 1 , 2 , 3 , 4 and j = 1 , 2 , 3 . The expression for the anchor mapping is just:
The corresponding Lagrangian turns out to be:
Hence, the Euler-Lagrange equations on B become:
with % = ui and qcl = Yl + Y4 qc, = -VI+ Y2 + Y3 qC3 = -2 -Y4.
It is easily seen that the latter set of equations coincides with the set defined on TL. Let 
-4 L 4 )
We can obtain them also working on B ' as follows. The Hamiltonian function regarding the formulation at B" reads: It is again seen that the latter coincides with the solutions on T*L if we keep the equations of conservation of charge (16).
Conclusions and future research
This paper presents two new choices of regular Lagrangians for the descriptions of non switched LC networks, and proves that the solutions are equivalent one to another and to the results obtained in the literature. The methods turn out to be fairly effective and simple to deal with. They provide equivalent Hamiltonian formalisms, also effective and simple, and it is proved that they are equivalent to other well known approaches.
We intend to continue this line of research and extend these results to the case of switched networks, whose (singular) Lagrangian formalism has been studied in [12, 111. 
